We study non-linearly the gravitational instabilities of Reissner-Nordstrom-de Sitter and Gauss-Bonnet-de Sitter black holes by using the large D expansion method. In both cases, the thresholds of the instability are found to be consistent with the linear analysis, and on the thresholds the evolutions of the black holes under perturbations settle down to stationary lumpy solutions. However, the solutions in unstable region are highly time-dependent, and resemble the fully localized black spots and black ring with S D−2 and S 1 × S D−3 topologies, respectively.
Introduction
One important aspect of black hole is its stability under gravitational perturbations. In contrast to the D = 4 case, black holes in higher dimensions can have various topologies and could be unstable under gravitational perturbations. This was first illustrated by Gregory and Laflamme (GL) for black strings (branes) [1] . Since then, a lot of black objects with distinct topologies in higher dimensions have been discovered, and similar instabilities have been demonstrated [2] [3] [4] .
Compared with the linear dynamics, determining the final state of the unstable black objects is more intriguing, as which may lead to violations of Weak Cosmic Censorship and topology-changing transitions of black hole horizons. The well-known example is the non-linear evolution of the GL instability of the five dimensional black string [5] .
Recently, a new type of dynamical instability was discovered for higher dimensional ReissnerNordstrom-de Sitter (RN-dS) and Gauss-Bonnet-de Sitter (GB-dS) black holes [6] [7] [8] . The RN-dS black hole becomes gravitationally unstable for large values of the electric charge and cosmological constant. The GB-dS black hole is unstable as well when the cosmological constant is sufficiently large. In both cases the instability is triggered by a positive cosmological constant. Such instability is called "Λ instability". One interesting feature of "Λ instability" is that such instability only happens with an electromagnetic field or a GB term. Moreover, it was noticed that at the threshold point of the instability the shape of the RN-dS black hole is slightly deformed. This fact suggests that the unstable RN-dS black hole could either split into two black holes or transform into a black ring. However, due to the limitation of linear analysis, the final stage of the evolution of the unstable black holes has not been settled yet, though some non-linear efforts have been made from the viewpoint of gravitational collapse [9] .
The goal of this work is to better understand the "Λ instability" of the two kinds of black holes by using the large D expansion method [10] . Taking the large dimension limit, the non-trivial dynamics of black holes is localized at the near region of the horizon, such that a full non-linear effective theory can be formulated [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . The large D studies of RN-dS and GB-dS black holes were initiated in [21] and [22] . It was shown there that at large D the dynamical equations for RN-dS and GB-dS black holes are reduced to much simpler effective equations such that the "Λ instability" can be demonstrated by performing linear analysis for these equations. In this paper, we take a further step to perform a full non-linear study of the instability, including the analysis of the static solutions and the time evolution of the dynamical equations. We will show the shortcoming of the linear analysis as a criterion of dynamical instability and analyze the impacts of the electric charge and the GB constant on the instability. More importantly we will study the possible final fates of the "Λ instability". The paper is organized as follows. In section 2, we introduce the effective equations of gravity at large D and the static solutions named with lumpy black holes. In section 3, we study in detail the time evolution of RN-dS and GB-dS black holes under perturbations at large D, both numerically and analytically. In section 4, we summarize our studies and show some limitations about the present work.
Lumpy black holes
We begin with a brief review of the large D expansions of RN-dS and GB-dS black holes in [21] and [22] . We focus on the large D RN-dS black hole first. The metric for a spherically symmetric, dynamical charged black holes in the de Sitter spacetime can be written in terms of the ingoing Eddington-Finkelstein coordinates as
where z is a coordinate on the sphere S D−2 and n = D − 3. The Maxwell field is
Since at large D, the radial derivative becomes dominant such that the radial dependence of the Einstein-Maxwell equations can be integrated out firstly, which gives
where we have used a new radial coordinate R = r n . The functions m(t, z), q(t, z) and p(t, z) represent the mass, electric charge and momentum distributions along the horizon, respectively.
Then the remaining Einstein-Maxwell equations are reduced to the following effective equations
whereΛ is the cosmological constant, and its value is restricted toΛ ≤ 1. Note thatΛ is related to the cosmological constant in the action by Λ = (D − 1)(D − 2)Λ/2. These equations encode the non-linear dynamics of the RN-dS black holes. In these panels, we take Q 2 = 4/25, P 1 = ±2 and P 2 = 2 or 3 for illustration.
Note that the measures on the vertical axes in the figures are not uniformized in order to show the symmetry more clearly.
The static and uniform solution of the above equations is z-independent with p = 0, m = 1+Q 2 and q = Q, where the horizon radius is set to unity and the extreme case corresponds to Q 2 = 1.
As shown by the linear analysis in [21] , there is a zero mode at the edge of the instability, which generates a new family non-uniform solutions being called lumpy back holes. These lumpy black holes belong to the static solutions of the effective equations, i.e.
m(z)
where
1−Q 2 > 1, and P 1 is an integration constant describing the deviation from the spherical symmetry. For general Q andΛ, the solution (8) may not be regular at z ≥ π/2 unless P 2 is an positive integer. The linear analysis finds that under the perturbation the black hole settles down to a lumpy black hole which is static when Q andΛ take the values such that P 2 = , with the harmonics on S D−2 [21] . These lumpy black holes break the SO(D − 1) rotation symmetry down to SO(D − 2) but share the same horizon topology S D−2 with the uniform black hole. Depending on whether P 1 is positive or negative and whether P 2 is odd or even, we find three branches for the lumpy black holes, as shown in Fig. 1 . Note that when P 2 is odd, the cases P 1 > 0 and P 1 < 0 are the same under z → π − z.
From the thermodynamics we know that in the microcanonical ensemble, the preferred phase is the one with a larger entropy. At the leading order of 1/D expansion, the mass and entropy of the lumpy black holes are given by
The factor sin D−3 z in the integral means that the dominant contribution to the integration comes from the region z π/2 at large D. As a result, all the masses and entropies of different solutions are equal. The difference of the entropy might be manifested by taking the 1/D correction into account. But this is not an easy task and we will not pursue it in this paper.
Time evolution
In fact, the time evolution of the black hole under perturbations can tell which phase is preferred. For example, though the uniform and non-uniform black strings have the same entropy at leading order of the 1/D expansion, the time evolution of the unstable black strings clearly
shows that the non-uniform solutions are the stable end point. This is in accord with the entropy argument for the static solutions at the next-to-leading order of the 1/D expansion [15, [23] [24] [25] .
In this section, we will study the time evolution of the RN-dS and GB-dS black holes under perturbations.
RN-dS black hole
We study the time evolution of effective equations now. From (6), it is obvious that m is invariant at z = π/2, thus we take the boundary condition m(t,
The total momentum should be zero p(t, z)(sin z) D−3 dz = 0 implies the boundary condition p(t, π 2 ) = 0 in the large D limit. For charge density we take q(t,
2 ) which is consistent with the static solution. The initial conditions are taken to be
Here that the linear perturbation is static [21, 22] .
charge are present. It coincides with the onset of the linear instability when P 2 = 2. The black holes with P 2 ≥ 3 are unstable, which indicates that the linear analysis is not always a reliable judgement for the dynamical stability.
In the stable region, the perturbation dissipates and leaves a uniform black hole just the same as the RN-dS black hole before perturbation. As shown in Fig. 3 , on the critical line separating the stable and unstable regions, the evolution settles down eventually to a stable lumpy black hole, depending on the initial conditions. The mass or charge density is finite in the whole parameter space. The stable final states can be fitted very well by
with parameter a describing the deviation from uniformity and being dependent on the initial conditions. Interestingly, we find the parameter a can take different values on the two hemispheres, which makes the horizon near z = π/2 not smooth in higher order derivatives. Though the physical origin for this non-smoothness is unclear now, it is indeed permitted mathematically since the large D effective equations are only of first order in derivative.
In the unstable region, i.e. for parameters such that P 2 > 2, we find the black holes will not become stable but evolve with time. As shown in Fig. 4 , the states at late time could be classified into three kinds, with the mass function being localized at single spot, double spots or a ring, depending on the initial conditions. In fact we can see that the stationary lumpy black holes that bifurcate from the onset of the instability resemble these localized black holes as well. As we will see the late time evolution can be fitted very well by 
the horizontal axis is z and the vertical axis is m(t, z).
Note that the red and green lines are fitted lines with m(t, z) = (1 + Q 2 ) exp (a cos 2 z) in which parameter a can be different on the two hemispheres.
Here the parameter a can be different on the northern or southern hemisphere. The mass density of the solutions grow very fast with time, thus when it becomes comparable with e D , the 1/D expansion will not be valid. So the large D method can not really tell us the end state of the unstable RN-dS black hole. Nevertheless, the time evolution is suggestive, showing that the localized black spots and black ring solutions could exist as the end point of the "Λ instability", and possibly also at finite D.
The effective equations (5), (6) and (7) allow us to study non-linearly the stabilities of the RN black holes in asymptotically flat or AdS spacetime by settingΛ = 0 orΛ → −Λ. We find the RN black holes are always stable in these two cases, which is in accord with the linear analysis.
We further find an analytical solution for the large D effective equations, which has the form
Here c, c ± are integration constants and
It turns out that this is exactly the quasinormal mode spectra for the scalar type gravitational perturbations of RN-dS black holes found in [21] . The modes with = 0 and 1 should be discarded since they violate the energy and momentum conservation, respectively. It is easy to show that ω − always leads to damping but ω + can lead the mode growing with time in the unstable region.
The mode = 2 dominates the evolution since the growth rate decreases with . In fact, the = 2 mode gives exactly the mass function (15) .
The analytical solution explains why the blue region in the left panel of Fig. 2 is unstable.
For parameters such that P 2 = l, the mode with ω =l is static and modes with ω >l decay off but the mode with ω <l can grow with time. The analytical solution matches well with the numerical evolutions in Fig. 3 and 4 , as long as c take different values in the two regions 0 ≤ z < π/2 and π ≥ z > π/2. As we mentioned before, since the large D effective equations are only of first order in derivative, it is harmless to break the smoothness at z = π/2.
GB-dS black hole
Now we study the dynamical instability of GB-dS black hole 1 . Since the whole discussion is very similar so we will briefly present the result and omit the detail. At large D the dynamics of the GB-dS black holes are encoded in the following effective equations [22] Note that the mass density m and momentum density p are related to the ones in [22] by m = (1 −Λ) m, p z = p and β is related to the GB parameterα by β = (1 −Λ) −1α . Here we consider α > 0 and is of 2 O(1). Similar to (8), the static solutions of the large D effective equation of GB-dS black hole have the form m(z) = (1 + β + Q 2 )e P 1 (cos z) P 2 and p(z) = m (z), where P 2 is determined by β,Λ and given by
At the edge of the instability, the parameters (β,Λ) satisfy P 2 = such that the solution is regular at z ≥ π/2. Moreover, these solutions have the same entropies in the microcanonical ensemble, so it is not possible to determine which one is preferred.
2 The GB gravity involves causality violation when quantum effects are considered unless the GB parameter is infinitesimal [31] . However, our work is purely classical and the problem is evaded.
For the time evolution of GB-dS black hole, the boundary and initial conditions are similar to those of RN-dS black hole. The threshold of the instability of the non-linear evolution is shown in the right panel of Fig. 2 . It coincides with the results from linear analysis. Note that only for large enough cosmological constant in the presence of a positive GB parameter, the instability can be triggered. Remarkably, we can seeΛ → 1/ √ 3 0.577 when β → ∞. This is very close to that of the scalar type gravitational perturbations shown in Fig. 3 in [8] when D = 8. Thus although our analysis is done in large D limit, the result is suggestive for finite dimensions.
Similar to the RN-dS case shown in Fig. 4 , for unstable GB-dS black holes the possible configuration at late time can be classified into three kinds of localized black holes, with the mass density function being located at a single spot, double spots or a ring, depending on the initial conditions. On exactly the threshold of the instability, there are three possible types of stable lumpy solutions, just like the ones shown in Fig. 3 . We also find an analytical solution of the same form as (18, 19) for the large D effective equations, in which the ω ± are the quasinormal mode spectra for the scalar type gravitational perturbations of GB-dS black holes in [22] , i.e.
Besides, we study the non-linear evolutions of GB black holes in asymptotically flat or AdS spacetime and find they are always stable.
Summary and discussion
In this work, we studied the non-linear dynamical instabilities of RN-dS and GB-dS black holes by employing the large D method. The static solutions of the large D effective equations had been previously constructed in [21, 22] , and were expected to exist at the zero modes of the instability.
We found there are three branches for the lumpy black holes sharing the same horizon topology based on the entropy argument [36, 37] . It would be possible that there is a similar transition between the lumpy black holes and localized black holes with S D−2 or S 1 × S D−3 topology for RNdS and GB-dS black holes. More recently, the authors in [35] proposed a conjecture that the GL instability is the only mechanism that higher dimensional vacuum GR has to change the topology of a black hole horizon in dynamical spacetimes. Therefore it would be interesting to verify this conjecture in a broader setting.
It is worth pointing out that our study of "Λ instability" shows similarities with the large D studies of instabilities of black hole systems with spherical topology, such as the ultraspinning instability [2, 38] and bar-mode instability [39] of Myers-Perry black holes [14, 40] , and the GL-like instability [41] [42] [43] [44] of small AdS D -Schwarzschild×S D black holes in supergravity [45] . We find that in all these cases, the large D effective equations are of first order in derivative, there are lumpy solutions bifurcating from the onset of the instability, and the time evolution does not settle down to a stationary state (for large D Myers-Perry black holes this has not been checked but we believe this is the case).
